We study weakly-bound deformed nuclei based on the coordinate-space Skyrme Hartree-FockBogoliubov (HFB) approach, in which a large box is employed for treating the continuum and large spatial extensions. Approaching the limit of the core-halo deformation decoupling, calculations found an exotic "egg"-like structure consisting of a spherical core plus a prolate halo in 38 Ne, in which the near-threshold non-resonant continuum plays an essential role. Generally the halo probability and the decoupling effect in heavy nuclei can be hindered by high level densities around Fermi surfaces. However, deformed halos in medium-mass nuclei are possible as the negative-parity levels are sparse, e.g., in
In the exploration for limits of the nuclear landscape, exotic phenomena such as halo states and the associated soft-mode excitations are expected near the particle drip-lines [1] . The quantum halo state, basically a threshold effect, is characterized by a tremendous surface diffuseness and has been observed in weakly-bound nuclei and molecules [2] . In particular, drip-line nuclei are weakly-bound superfluid systems, in which the pairing induced continuum coupling plays an essential role [3] [4] [5] [6] . In deformed weakly-bound nuclei, exotic halo structures could happen due to the core-halo deformation decoupling [7, 8] . Therefore, a crucial issue for theoretical descriptions of weakly-bound nuclei is to be able to selfconsistently treat continuum contributions, deformations and large spatial extensions.
There have been numerous studies of weakly-bound nuclei with assumed spherical shapes and have brought a number of new insights, for example, the core-halo decoupling [1] , the pairing anti-halo effect [9] , shell quenching [10] , and the continuum coupling effect [3, 4] . However, new insights and exotic structures are also expected beyond the spherical shape. One of the most intriguing structures is the deformed nuclear halo, which can have exotic surface shapes decoupling from cores [7, 8] . In particular, except for 14 Be [11] , the existence of two-neutron deformed halos in heavier nuclei is under question [12] . Another interesting phenomenon is the predicted deformation difference between neutrons and protons near the neutron drip line, implying unusual isovector quadrupole collective modes [7] . Thirdly, in weakly-bound nuclei, the deformation of pairing densities (or anomalous density) could be different from particle densities, which can be studied by pair transfer experiments but have been rarely discussed.
To describe weakly-bound nuclei, especially for medium-mass and heavier nuclei, the HFB approach is the theoretical tool of choice by properly taking into the continuum coupling. For deformed nuclei in the continuum, however, exact HFB solutions with outgoing boundary conditions are very difficult. The Green function method has made remarkable progress in solving the deformed HFB equation [13] , while self-consistent calculations in this way are still missing. On the other hand, the coordinate-space HFB approach, referred to as the L 2 discretization method, has been demonstrated to be able to treat the quasiparticle (qp) resonances and continuum contributions rather accurately [14] , compared to the exact Gamow HFB solutions [15] . For weaklybound deformed nuclei, calculations have to employ a large coordinate-space box that is crucial for describing the large spatial extension and the continuum discretization [4, 9] . Recently such very expensive calculations of axial-symmetric deformed nuclei have been realized by performing hybrid parallel calculations on supercomputing facilities [16] .
According to systematic calculations of the nuclear landscape, there are several deformed regions close to drip lines [17, 18] . Experiments towards the neutron drip line have been able to reach 40 Mg and 42 Al [19] , which are predicted to be deformed [17, 18] . Extensive studies have been done to look for deformed halo structures in light nuclei experimentally [11, 20, 21] and theoretically [8, [22] [23] [24] . For halos in weakly-bound heavy nuclei, theoretical studies are mostly done with spherical nuclear shapes [25] [26] [27] [28] [29] . The studies of deformed heavy halos based on self-consistent HFB calculations are still absent. Actually the on-going experimental facilities such as FRIB are expected to provide an unprecedented opportunity for exploring heavy weakly-bound nuclei [30] . In this context, we systematically studied the even-even weakly-bound deformed nuclei from light to heavy mass region based on the self-consistent coordinate-space Skyrme-HFB approach. While the odd-N nuclei with much reduced pairing correlations and continuum couplings due to one qp excitation are not involved here.
In this work, the Skyrme-HFB equation is solved by the hfb-ax code [14, 16, 31] within a 2D lattice box, based on B-spline techniques for axial symmetric deformed nuclei [32] . To obtain sufficient accuracy, the adopted 2D box size is 30×30 fm. The maxima mesh size is 0.6 fm and the order of B-splines is 12. This is the first deformed HFB calculations with such a large box size, while in literatures the adopted 2D box sizes are usually less than 20 fm. From 20 fm to 30 fm, the estimated computing cost will be increased by 40 times 1 . For calculations employing large boxes and small lattice spacings, the discretized continuum spectra would be very dense and provide good resolutions. Because the computing cost is extremely high, the hybrid MPI+OpenMP parallel programming is implemented to get converged results within a reasonable time [16] . Calculations were performed in China's top supercomputer Tianhe-1A. For the particle-hole interaction channel, the SLy4 force [33] is adopted as it is one of the mostly used parameterizations for neutron rich nuclei. For the particle-particle channel, the density dependent pairing interactions with the mixed and surface variants are used [34] . The pairing strengthes are fitted to the neutron gap of 120 Sn. We have searched for deformed halo structures along the neutron drip line around three deformed regions: (I) the Ne and Mg isotopes, (II) the medium-mass region 1 The estimated diagonalization cost (the major computing cost) is proportational to N 3 R , where N R denotes the rank of the Hamiltonian matrix. For a 2D lattice representation, N R is is proportational to N 2 L , where N L is the one-dimensional grid number. For 20 fm and 30 fm boxes in our approach, N L are 45 and 62 respectively. around Z=30, and (III) the heavy-mass region around Z=60. In Fig.1 , the density profiles of 38 Ne, 40,44 Mg, 110 Ge, and 224 Er are displayed along the cylindrical coordinates z-axis (the axis of symmetry) and r-axis (the axis perpendicular to z-axis and r= x 2 + y 2 ), respectively. Note that the density distributions of axial-symmetric nuclei are represented on the 2-D lattice as ρ(r i , z j ). The differences between the density profiles ρ z(r=0) and ρ r(z=0) actually reflect the surface deformations. The four drip-line nuclei all have considerable pairing fields as well as continuum contributions. Results shown in Fig. 1 are obtained with the surface pairing since halo characteristics are more significant than with the mixed pairing. In Fig. 1 , 38 Ne has the most pronounced halo structure. Generally halo structures gradually fade away as nuclei towards heavier mass region. In addition, as nuclei become heavier, one can see that the surface deformations become similar to core deformations, indicating the weakening of the core-halo deformation decoupling effect. In Fig.1 , it can also be seen that the contributions of near-threshold qp states (the dashed lines) with energies below 1.5 MeV are mainly responsible for the halo structures and surface deformations. We have to note that the predictions can be dependent on the effective Hamiltonian. In the relativistic Hartree-Bogoliubov calculations, 44 Mg has a prolate core and a slightly oblate halo while 38 Ne has no pronounced halo [8] .
In Fig.2(a) , it is very clear to see an exotic "egg"-like halo structure in 38 Ne, in which the neutron halo distribution is well prolately deformed but the core is spherical. Inside the core, both the proton and neutron density distributions have a spherical shape with a radius of less than 10 fm. There are about 2 neutrons in the halo by integrating the neutron density beyond the spherical core. The quadrupole deformation of neutrons is β n 2 =0.24, which is completely due to the surface deformation. Such an exotic structure, as a manifestation of the core-halo deformation decoupling effect, has never been obtained in earlier self-consistent calculations, emphasiz- ing the importance of precisely treating the subtle interplay between the continuum coupling, deformations and surface diffuseness in our approach. Its neighbor 39 Na could also be a candidate for the "egg"-like halo structure. We should note that a possible "egg"-like structure has also been discussed in 16 C, nevertheless, based on the clustering perspective [35, 36] . In Fig.2(b) , the neutron pairing density distribution of 38 Ne also shows the "egg"-like structure, reflecting the influence of the deformation decoupling on pairing densities. The most significant halo structure shown in 38 Ne is consistent with an earlier point that two-neutron halos could be hindered by deformed cores [12] .
To understand the deformed halo mechanism in terms of qp spectra, we display the qp spectra with smoothed occupation numbers, as shown in Fig.3 . It is known that the discretized spectra of qp resonances can roughly have the Breit-Wigner shape [14] . For demonstration, we smoothed the qp occupations v 2 i with a Lorentz shape function and a smoothing parameter of 0.2 MeV (the smoothing is described in Ref. [14] ). To distinguish the qp resonances and continuum, we display the qp spectra obtained with two different box sizes of 30 fm and 27 fm, respectively. It is known that the qp-resonance energies are stationary with different box calculations, while continuum states are not [14, 37] . In Fig.3 38 Ne and 44 Mg are mainly due to the near-threshold non-resonant continuum. According to our calculations, the near-threshold continuum states of both negative-and positive-parity are essential, although negative-parity continuum contributions are larger.
40 Mg has the same magic neutron number of N =28 as 38 Ne, but it has an abrupt change in qp spectra. In 38 Ne, the 1/2[330] orbit from 1f 7/2 is only partially occupied, and distributed within the spherical core.
40 Mg has a similar qp structure to 44 Mg except for its much less near-threshold continuum. 38 Ne has the most significant near-threshold continuum. One can infer that the "egg"-like halo structure in 38 Ne can be ascribed to a considerable p-wave scattering into the continuum, i.e., the unbound 1/2[321] orbit (from 2p 3/2 ). For 44 Mg, it is due to the 2p 1/2 level embedded in the continuum. In fact, the qp spectra can contain some unbound single-particle levels coupled to the continuum. This would be obvious by transforming the HFB spectrum into the BCS spectrum in canonical basis (see Fig.2 in Ref. [8] ). In exact HFB solutions or with an even larger box, the unbound single-particle levels should be completely dissolved into the continuum.
In Fig.4 , the systematics of the smoothed qp spectrum of Ge and Er isotopes are also displayed to understand the development of deformed halos in heavy nuclei. From the 1/2[550] orbit in Ge and the 1/2[770] orbit in Er isotopes, one can see that as isotopes towards the neutron drip line, the weakly-bound Ω π = 1/2 ± qp states move away from the thresholds (−λ n ) collectively. Simultaneously, the near-threshold non-resonant continuum states gradually develop and decouple from cores (or bound states). This situation is also seen in 40,44 Mg as shown in Fig.3 . It seems that a large phase space (or gap) between bound states and the thresholds is associated with the development of the near-threshold continuum and the core-halo decoupling. Indeed, the"egg"-like halo structure in 38 Ne has the largest phase space decoupling. Furthermore, the phase space decoupling in halos should be model independent, since a similar situation has also been seen in the relativistic Hartree-Bogoliubov calculation of 44 Mg [8] . In general, such phase spaces, and consequently the halo probabilities and the deformation decouplings, would be suppressed in heavier nu- 110 Ge) experiences much less continuum coupling effects [4] . No considerable two-neutron halos and deformation decoupling effects are obtained from Nd to Er nuclei.
Besides the core-halo deformation decoupling, the neutron-proton deformation difference, i.e., the isovector deformation, is also very interesting. It is known that generally nuclei close to the neutron drip line can have considerable negative isovector deformations, implying unusual isovector quadrupole collective modes [7, 17] . In this work, we calculated the quadrupole deformations β 2 of both particle-density and pairing-density distributions using the formula:
. The isovector deformations, deformations of neutrons and pairing densities are displayed in Fig.5 . One can see that similar negative isovector deformations are obtained in calculations with both the mixed and surface pairing interactions. With the mixed pairing, the absolute isovector deformations tend to increase towards the neutron drip line. With the surface pairing, the neutron drip-lines of Ge and Er have two more neutrons in addition to the mixed pairing. One can see that deformations of neutron pairing density distributions obtained in surface pairing calculations increase near the neutron drip line. The obtained isovector deformations of Ge and Er isotopes are almost the same as the HO-basis HFB calculations [38] . However, 38 Ne and 44 Mg are slightly unbound in the HO-basis approach. With the surface pairing for 38 Ne and 44 Mg, the isovector quadrupole deformations are 0.24 and −0.09, respectively. The corresponding quadrupole deformations of neutrons (and neutron pair densities) are 0.24 (0.48) and 0.25 (0.36), respectively. We can see that 38 Ne (shown in Fig.2) , 44 Mg, and 110 Ge, all have much larger deformations of neutronpairing densities than neutron densities, due to remarkable non-resonant continuum contributions. It has to be noted that in 38 Ne the isovector deformation has an abnormal large positive value because of the "egg"-like halo structure. It can also be seen that deformations of neutron pairing densities are generally different from that of neutron densities and are sensitive to the effective pairing interaction.
In summary, we have studied the weakly-bound deformed nuclei based on the self-consistent coordinatespace Skyrme-HFB approach, to look for new insights by treating the continuum within a large box. We found an exotic "egg"-like halo structure in 38 Ne for the first time with a spherical core plus a prolate halo, for which the near-threshold non-resonant continuum is essential. In addition, the "egg"-like halo structure has a large positive isovector deformation, implying unusual isovector quadrupole modes and further experimental observations (or its neighbor 39 Na) will be very important. Compared to light nuclei, the halo probability and the core-halo deformation decoupling effect in heavy nuclei could be hindered by high level densities around Fermi surfaces. However, 110 Ge has a sparse negative-parity spectrum and shows a deformed halo. The deformation decoupling has also been shown in the pairing density distributions. Nevertheless, the deformations of pairing density distributions are different from particle densities and are sensitive to the effective pairing Hamiltonian.
